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We propose an experimental scheme to cool and measure the three-dimensional (3D) motion
of an optically trapped nanosphere in a cavity. Driven by three lasers on TEM00, TEM01, and
TEM10 modes, a single cavity can cool a trapped nanosphere to the quantum ground states in all
three dimensions under the resolved-sideband condition. Our scheme can also detect an individual
collision between a single molecule and a cooled nanosphere efficiently. Such ability can be used to
measure the mass of molecules and the surface temperature of the nanosphere. We also discuss the
heating induced by the intensity fluctuation, pointing instability, and the phase noise of lasers, and
justify the feasibility of our scheme under current experimental conditions.
PACS numbers: 42.50.Wk, 37.10.Vz, 05.40.Jc, 42.50.Ct
I. INTRODUCTION
Cooling microscopic, mesoscopic, and macroscopic ob-
jects to their motional ground states has attracted great
attention in the past decades. Various atoms, ions and
molecules have been cooled and trapped, and some of
them have been employed in quantum information pro-
cessing and atomic clocks. It is of fundamental interests
to cool macroscopic objects down to quantum regime for
studying quantum effects in macroscopic systems, im-
proving precisions in ultra-sensitive measurements [1–
3], and realizing quantum information processing with
new ideas [4–6]. Cooling mechanical oscillators near the
ground state can be accomplished by placing the high
frequency oscillator in cryogenic environment [7, 8], or
optomechanical cavity cooling methods [9–13], or com-
bining them together [14–17].
Recent report has shown the possibility to cool a meso-
scopic microwave-frequency mechanical oscillator down
to the motional ground state by standard cryogenic meth-
ods [8]. However, the mechanical Q factor (around 260)
in this system [8] is too small for many applications.
Similar to optical trapping and cooling of atoms [18–20]
and molecules [21, 22], a nanosphere can be optically
trapped and cooled in a cavity [23–26]. An optically
trapped nanosphere in vacuum is well isolated from the
thermal environment and can have a mechanical Q fac-
tor larger than 1010. This approach has the potential to
cool a mechanical system to the vibrational ground state
even at room temperature, based on which nonclassical
states(e.g. squeezed states) could be generated. A cooled
nanosphere can also be used to test gravity induced deco-
herence effects [27] and search for non-Newtonian gravity
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forces [28].
We noticed that the first part of the proposal [24, 25],
which is trapping micro(nano)-sphere by optical tweezer
with high frequency, has been realized experimentally
[29], in which a glass microsphere was optically trapped
in air and vacuum, and its Brownian motion was mea-
sured with ultrahigh precision. A more exciting work
would be to cool a nanosphere to the quantum ground
state using sideband cooling with the help of cavities
[24, 25], and observe the individual collisions between the
sphere and single molecules [30].A nanosphere will scat-
ter the cooling laser to all three dimensions and cause
3D heating. The heating effects of laser noises are also
3D. As will be discussed later, such heating can cause ex-
ponential growth of the kinetic energy of a nanosphere.
If only one-dimensional motion is cooled efficiently, the
others will be heated up continuously and the nanosphere
will be kicked out of the trap. In order to achieve ground
state cooling of an optically trapped nanosphere, we must
use a 3D cooling scheme. We can straightforwardly add
two more cavities for cooling the other two dimensions,
but the system will become too complex to be realized.
We may combine the 1D cavity cooling with 2D feedback
cooling to stabilized the system. But the system will also
become complex and can only do ground state cooling in
1D.
In this work, we propose to cool and measure the
3D motion of a nanosphere by TEM00, TEM01, and
TEM10 modes of a single cavity. We show that each
one of these three modes can be coupled to the motion
of a trapped nanosphere in each dimension respectively.
Thus they can be used to cool and detect the 3D motion
of a nanosphere. The scheme can be used for detect-
ing the individual collisions between molecules and the
nanosphere. The mass of the molecules, and the surface
temperature of the nanosphere may also be measured
at the same time. We noticed trapping single atoms in
a high-finesse cavity driven by three lasers at TEM00,
2TEM01, and TEM10 modes simultaneously has been re-
alized in an experiment [31]. One can also use a phase
plate to generate a TEM01 (or TEM10) beam from a
TEM00 beam [32], and use it to pump the correspond-
ing mode of a cavity. Our scheme should also helpful for
cavity cooling of atoms (ions) and molecules.
The paper is organized as follows. In Sec. II , we intro-
duce the scheme of nanosphere 3D cooling via a cavity.
In Sec. III, we propose the scheme of detecting the colli-
sions between molecules and the sphere, and discuss the
experimental possibility. In Sec. IV, we give a short
summary of the paper.
II. 3D COOLING MODEL
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FIG. 1: (color online) (a) Cooling and detecting scheme. A
nanosphere is trapped by a dual-beam optical tweezer inside
of a cavity. The cavity is driven by three lasers in TEM00,
TEM01 and TEM10 modes. The TEM01 mode laser has dif-
ferent polarization, and is separated from the other two lasers
by a polarizing beam splitter for detection. The TEM00 and
TEM01 lasers have different frequencies, and are separated
by a grating for detection. (b) Three cooling modes TEM00,
TEM01, and TEM10, and their radial distribution. The black
dot represents the position of a trapped nanosphere.
As shown in Fig. 1a, we consider an optically trapped
nanosphere with mass m confined in a cavity by means
of an optical tweezer [29]. Since the mechanical Q of the
system could be extremely high, e.g., > 1010 [24, 25], we
may consider an ideal system in the first part of our treat-
ment, but leave the effect from the environment, such as
the collisions between molecule and nanosphere, to later
discussion. The frequencies of the optical trap along the
z, x, and y axes are (ω1, ω2, and ω3). Contrary to the
conventional method of using a cooling laser with TEM00
mode to cool the motion along z direction, we add two
non-Gaussian beams with TEM01 and TEM10 modes to
drive the cavity in order to cool the motion along the
x and y directions, respectively. The resonant frequen-
cies of the cavity modes ac1, ac2, and ac3 are ωc1, ωc2,
and ωc3, respectively. The detunings between the lasers
and the cavity modes are ∆cj = ω
j
c − ωjL (j = 1, 2, 3).
We suppose that the TEM01 and TEM10 lasers have the
same frequency, but with orthogonal polarization. The
TEM00 and TEM01 lasers have the same polarization,
but different frequencies. In practical, the frequency dif-
ferences between TEM00 and TEM01 (TEM10) could
be very large, and the TEM01 and TEM10 modes are
orthogonal in polarizations. Therefore the interference
between the three cavity modes can be neglected.
Supposing the radius of the nanosphere to be much
smaller than the wavelength of the cavity mode, we may
calculate the sphere-induced cavity frequency shift δω by
perturbation theory,
δω
ω0
= −1
2
∫
d3rδP (r)E˙(r)∫
d3rǫ0E2(r)
, (1)
where ω0 is the resonant frequency of a cavity without the
nanosphere, E(r) is the cavity mode profile and δP (r) is
the variation in permittivity induced by the nanosphere.
Due to the tiny scale of the nanosphere, we have P (r′) ≃
αindE(r)δ(r − r′), with r the center-of-mass position of
the nanosphere, αind = 3ǫ0V (
ǫ−1
ǫ+2 ) the polarizability, and
V the sphere volume.
The total Hamiltonian of the system in the rotating
frame is
H =
3∑
j=1
[
~ωja
†
jaj − ~(∆j − Uj)a†cjacj +
~Ωj
2
(acj + a
†
cj)
]
,
(2)
where aj characterizes the phonon mode along qj di-
rection with q1 = z, q2 = x, q3 = y. Ωj is the driving
strength by the lasers and Uj characterizes the coupling
between the cavity mode acj and the nanosphere. In the
limit that ǫ ≫ 1, where ǫ is the electric permittivity of
the nanosphere, we get [24]
U1 = − 3V
2Vc1
exp(−2x
2 + 2y2
w2
) cos2(k1z + ϕ1)ωc1,
U2 = − 3V
2Vc2
x2
w2
exp(−2x
2 + 2y2
w2
) cos2(k2z + ϕ2)ωc2,
U3 = − 3V
2Vc3
y2
w2
exp(−2x
2 + 2y2
w2
) cos2(k3z + ϕ3)ωc3,
with Vc1 = (π/4)Lw
2 and Vc2 = Vc3 = (π/16)Lw
2.
We assume the optical tweezer to be much stronger
than the cavity-mode-induced trap, and neglect the ef-
fects of cooling lights on trapping. Besides, if we care-
fully choose the location of the trap, such as z0 = 0,
x0 = y0 = 0.25w, ϕ1 = π/4, and ϕ2 = ϕ3 = 0, the gradi-
ents of the three light fields lie approximately along the
three axes. The effective Hamiltonian is
Heff =
3∑
j=1
[
~ωja
†
jaj − ~∆ja†cjacj +
~Ωj
2
(acj + a
†
cj)
+ ~gja
†
cjacj(aj + a
†
j)
]
,
(3)
3where gj = qzpfj∂U(x, y, z)/∂j|x=x0,y=y0,z=z0 character-
izes the coupling strength between the cavity mode and
the oscillation of the nanosphere, and qzpfj =
√
~/2mωj
is zero-point fluctuation for the phonon mode aj . In gen-
eral, g1 can be one to two orders larger than g2 and g3.
The effective Hamiltonian (3) is deduced with lineariza-
tion, which is valid when the vibration amplitude of a
trapped nanosphere is much smaller than the wavelength
of the laser. The rms vibration amplitude of a particle
in a harmonic trap is
√
kBT/(mω2) . For a nanosphere
with radius of 50 nm trapped in an optical tweezer with
trapping frequency of 0.5 MHz, the vibration amplitude
is 20 nm at 300 K, and will be only 1.2 nm at 1K, which
are very small. Thus the linearization will be valid if the
nanosphere is pre-cooled by feedback cooling.
From Eq. (3), the linearized Heisenberg equations of
motion for our system are,
˙acj =(i∆
′
cj − κj/2)acj − igjαj(aj + a†j) +
√
κja
in
cj,
a˙j =− iωjaj − igj(αja†cj + α∗jacj),
(4)
where αj = iΩj/(2i∆
′
cj − κj), ∆′cj = ∆cj +2g2j |αj |2/ωcj,
and κj is the decay rate of the cavity mode acj. αj is
the amplitude of cavity mode acj . ∆
′
cj is the effective
detuning between the driving laser and the cavity mode
acj . The linearization of the Heisenberg equations is valid
only if the state is stable. The stable criteria is [33]
Sj1 =4∆
′
cjωmg
2
jα
2
jκ
2
j > 0
Sj2 =ωm∆cj
′2 − g2jα2j∆′cj > 0,
(5)
Because of ∆′cj > 0, the criteria S
j
1 are always valid. The
criteria Sj2 are valid only when gjαj <
√
ωm∆′cj . In the
following discussion, we suppose that the stable criteria
(5) is satisfied.
To realize resolved sideband cooling, we require ωj ≫
κj . We suppose |gjαj | ≪ κj, and find that the final
phonon number is [1]
nmj = −
(ωj +∆
′
cj)
2 + (κj/2)
2
4ωj∆′cj
.
In the special case of ∆cj = −ω′j , the final phonon
number is nmj = (κj/4ωj)
2 ≪ 1. The cooling rate is
Γj = g
2
j |αj |2/[κ(1 +
κ2j
16ω2
j
)].
III. DETECTING SCHEME AND NOISES OF
THE SCHEME
The scheme can measure the 3D motion of the
nanosphere at the same time. We have a reduced equa-
tion under rotating wave approximation, in the case of
∆′cj = −ωj and ωj ≫ κj, αjgj , as [34, 35],
˙acj =− κj
2
acj − igjαjaj +√κjaincj ,
a˙j =− igjαjacj .
(6)
In the limit κj ≫ gαj, using boundary condition aoutcj =
−aincj + √κjacj , we get aoutcj = −i 2gαj√κj aj + aincj , a˙j =
− 2g
2
jα
2
j
κ aj −
2igjαj√
κ
aincj . Therefore the 3D motion of the
nanosphere can be measured by detecting the output
fields. In the resolved sideband limit, the output field
is nearly vacuum, and will have a signal when there are
collisions between the residual molecules in vacuum and
the nanosphere. Besides, the shot noise can also be ne-
glected in the scheme as it is very small (estimated to be
around 10−4 Hz in Ref [24]).
Because a collision between a molecule and a
nanosphere is 3D in nature, our 3D scheme will be es-
sential for efficient detecting of the collisions. Detec-
tion of individual collisions between single molecules and
the nanosphere would lead to a test of the Maxwell-
Boltzmann distribution on single-collision level. Consid-
ering the gas pressure P at temperature Tenv, the radius
of the sphere r, the molecule mass mm, we have the col-
lision number per second N = (2πr2)P/
√
πmmkBTenv/2
[30], where kB is the Boltzmann constant. The collision
time is estimated to be much less than the nanosphere
oscillation time scale. The three phonon modes initially
in vacuum will be in a state with mean phonon number
nj0: 〈a†j(t0)aj(t0)〉 = nj0 after a single collision, where
t0 is the time when collision happens. For this case, the
output field is
aoutcj (t) = −i
2gαj√
κj
exp[−2g
2
j |αj |2
κj
(t− t0)]aj(t0) + aincj ,
It is easy to find that
∫∞
t0
〈aoutcj (t)aout†cj (t)〉dt = nj0. This
implies that the output-pulse photon number is equal to
the increase of the phonon number after the collision.
From above discussion, we get the phonon decay time
τj = κj/(4g
2
j |αj |2), which is also the pulse duration of
the output light of mode acj . The phonon number can
be measured by detecting the output light pulse. There-
fore, τj is the measurement time for the phonon mode aj
after the collision. Therefore, as long as τj ≪ 1/N , the
collision events can be measured individually.
Moreover, to make sure the success of the output field
detection, the phonon number after the collision requires
to be added by more than one. For the first case, we
suppose the collision is completely elastic. Parts of the
molecular movement, which is perpendicular to the sur-
face of the collision point, will change in direction after
the collision [30]. The average increase of the phonon
number for aj is nj0 = 2m
2
m〈v2j 〉/(~ωjm) with 〈v2j 〉 the
the mean velocity square along the axis qj . As a result,
the requirement for the phonon number change could be
rewritten as 2kBTenv > ~ωj(m/mm). If the collision is
completely inelastic, the molecule will attach on the sur-
face of the nanosphere for a while before being kicked out
[30]. The output velocity distribution is completely de-
termined by the temperature of the nanosphere surface.
The criteria should be either kBTenv > 2~ωj(m/mm), or
kBTsur > 2~ωj(m/mm), where Tsur is the temperature of
4the surface of the nanosphere. To distinguish elastic and
inelastic collision, we can cool the temperature to the
limit that kBTenv ≪ ~ωj(m/mm), and makes the con-
dition kBTsur > 2~ωj(m/mm) fulfills by adding a long
wavelength laser to heat the sphere. If the collisions are
all elastic, there is no signal on the photon detectors. If
there are parts of the collisions are inelastic, there are
output pulses of lights. Besides, the distribution of the
photon numbers is determined by the surface tempera-
ture of the sphere. In other words, we can measure the
surface temperature of the nanosphere by detecting the
output light pulses.
Besides, if there are more than one type of molecules
involved, we can also distinguish them by the mea-
surement. We suppose that the energy increasing of
the phonon mode aj after collision fulfills the Maxwell-
Boltzmann distribution and the collisions are elastic.
The mean phonon increasing for mode aj is nj0 =
1/(e~ωj/kBTj − 1) = 2kBTenvma/(~ωjm), where Tj is the
effective temperature of mode aj after single collisions.
The phonon adding distribution after single collisions for
mode aj is f(nj)dn =
2√
π
(
~ωj
kBT
)3/2 exp(−n ~ωjkBT )dn [36].
However, the mean phonon adding cannot be measured
from a single light pulse. As the photon detector can only
measure the photon pulses number in integer. The mea-
sured number distribution of the mode aj should be Bose-
Einstein distribution, which is f(nj) = n
nj
j0 /(1+nj0)
nj+1
[37]. We suppose the mass ma and mb corresponding to
the molecules a and b, respectively, and the same mean
kinetic energies for both types of the molecules. The
average increase of the phonon number for the phonon
modes aj is different for different collision. As shown
in Fig. 2a, there are two curves in the phonons dis-
tribution of mode a3, which represent the two different
molecules. Fig. 2b shows The measured phonon distri-
bution for different molecules. We can distinguish the
different molecules from data fitting.
Specifically, we consider the example below. We con-
sider a sphere with radius r = 50 nm and mass m =
1.03 × 10−18 kg (ρ = 1.96g/cm3). The optical tweezer
is consturcted with a laser with power Pt = 25mW at
wavelength λ = 1500nm, and a lense of numerical aper-
ture N = 0.9. The trap frequency is (ω1, ω2, ω3)/2π ≃
(0.5, 0.5, 0.2) MHz [26]. We consider the cavity with
length L = 5 mm, mode waist ω = 10µm and wave-
length 1.5µm. In the case of ǫ ≫ 1, we have gz = 52.2
Hz, gx = gy = 2.2 Hz, and the zero point fluctuation
(z, x, y)zpf =
√
~/(2mwj) = (4.0, 4.0, 6.4) × 10−12 m.
In order to have the final phonon number n1,2,3 < 1,
the finesse of the cavity should be around 105. For
mm = 6.63 × 10−26kg and the gas pressure 10−10Torr,
the collision events per second are about 10. If we sup-
pose the cavity decay rate to be κ = 0.5 MHz, corre-
sponding to finesse 2× 105, with proper driving strength
(|α1|2 ∼ 5 × 104, |α2|2 ≃ 2.5 × 107, |α3|2 ∼ 107), the
cooling rate for all three modes would be 102Hz and the
mean addition of the phonon number for aj after each
collision is around 4. Therefore individual measurements
for the collision events can be distinguished for the three
phonon modes. The cooling laser power for cavity mode
ac1 is in the order of 10
−8W, The laser powers for cavity
modes ac2 and ac3 are in the order of 10
−5W.
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FIG. 2: (color online) (a) Distribution of the mean phonon
increase, (b) measured phonon number increase distribution
of a mechanical mode a3 after a elastic collision between the
nanosphere and a molecule with mass ma = 6.63 × 10
−26 kg
or mb = 2.18×10
−25 kg. The temperature of the gas is 300K.
So far we haven’t considered the systematic noise ef-
fects in our treatment. In real experiments, however, the
noise from lasers may be fatal to the success of an experi-
ment. We first consider the heating effects from the opti-
cal trap [38]. If we want to realize motional ground state
cooling of the nanosphere, the heating rate should be
much smaller than the laser cooling rate. Strictly speak-
ing, the heating comes from the laser intensity fluctuation
and the laser-beam-pointing noise. For the former, we
define the fluctuations of the laser ǫ(t) = (I(t) − I0)/I0,
with I0 the average intensity and I(t) the laser intensity
at time t. By using first-order time-dependent pertur-
5bation theory, we get 〈E˙〉 = π2ω2jSǫ(2ωj)〈E〉 [38]. The
heating constant is Γǫ =
π
2ω
2
jSǫ(2ωj), where Sǫ(ω) =
2
π
∫∞
0
dτ cos(ωτ)〈ǫ(t)ǫ(t+τ)〉 is the one-sided power spec-
trum of the fractional intensity noise, which could be
on the order of 10−14Hz−1. For the trap frequency of
MHz, Γǫ approaches the order of 10
−1Hz. The laser-
beam-pointing noise is originated from the fluctuation
relevant to the location of the trap center, which is in-
dependent of the phonon energy. Similarly, we may get
〈E˙〉 = π2mω4jSj(ωj), where j = x, y, z, and Sj(ω) is the
noise spectrum of location fluctuations. We define the
heating rate as Γj =
π
2mω
4
jSj(ωj)/(~ωj), which repre-
sents phonon number increase per second. If we set Γj
to be on the order of 10−1Hz, we should make sure that
Sj(ωj) is around 10
−35m2/Hz for ωj ∼ 1MHz. Experi-
mentally Sj(ω) has been controlled less than 10
−34m2/
Hz for ω ∼ 2π kHz [39]. With the increase of the optical
trap frequency to large detuning from the system’s reso-
nant frequency, Sj(ωj) is dropping down quickly. There-
fore, we believe that the laser-beam-pointing noise could
be well controlled and the heating rate Γj would be less
than 0.1 Hz.
The phase noise induced by the cooling laser also
need to be seriously considered [35, 40, 41]. Because
the cooling laser is of finite linewidth, the laser field
can be wrote down as ε(t) = εeiφ(t). We assume the
phase noise φ(t) to be Gaussian and with zero mean
value. For the Lorentzian noise spectrum with Sφ˙(ω) =
2ΓLγc/(γ
2
c +ω
2), and correlation function { ˙φ(s) ˙φ(s′)} =
ΓLγc exp(−γc|s − s′|), where ΓL is the linewidth of the
laser and γ−1c is the correlation time of the laser phase
noise, the phonon number limited by this noise is nph >
nc
ΓL
κ
γ2c
γ2c+ω
2
j
[41]. If we choose ΓL = 1 kHz, γc = 3 kHz,
ωj = 10
6 Hz, and nc = 10
7, we have nph ≪ 1. In this
sense, like above discussed noise effects, the phase noise
effect can also be neglected.
IV. CONCLUSION
In conclusion, we have proposed a scheme to cool
and measure the 3D motion of an optically trapped
nanosphere confined in a single cavity, driven by three
lasers. With properly locating the optical trap and the
laser detunings, we have shown by calculation that the
3D motion of the nanosphere could be cooled and de-
tected simultaneously, and down to ground states if the
sideband resolved condition is fulfilled. We have justified
the experimental feasibility of our scheme under currently
available technology. We argue that our scheme would
be useful for not only checking the Maxwell-Boltzmann
distribution at single-collision level, but also measuring
the temperature of the surface of the nanosphere and the
mass of the molecule.
The work is supported by NNSFC under Grant No.
10974225, by CAS and by NFRPC. TL would like to
thank M. G. Raizen for helpful discussions and the sug-
gestion of using a cooled bead to detect single molecules.
Note added: After submitting the paper, we have found
a related experimental paper [42], which eliminates de-
generate trajectory of single atom strongly coupled to the
tilted cavity TEM10 mode.
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